Let C ⊂ Q p be a rational cone. An affine semigroup S ⊂ C is a C-semigroup whenever (C \ S) ∩ N p has only a finite number of elements. In this work, we study the tree of C-semigroups, give a method to generate it and study their subsemigroups with minimal embedding dimension. We extend Wilf's conjecture for numerical semigroups to Csemigroups and give some families of C-semigroups fulfilling the extended conjecture. We also check that other conjectures on numerical semigroups seem to be also satisfied by C-semigroups.
Introduction
Let N denote the set of nonnegative integers. An affine semigroup is a finitely generated submonoid S of the additive monoid (N p , +) with p a positive integer. For an affine semigroup its associated rational cone C is the cone { n i=1 qixi|n ∈ N, qi ∈ Q+, xi ∈ S}. It is well-known that any affine semigroup S has a unique minimal generating set whose cardinality is known as the embedding dimension of S, and it is denoted by e(S).
We introduce the concept of C-semigroup: given a rational cone C ⊂ Q p + , an affine semigroup S is called a C-semigroup if the set H(S) = (C \ S) ∩ N p is finite. For instance, the class of N-semigroups (C = N) is the set of numerical semigroups, and N p -semigroups are called generalized numerical semigroups (see [5] ).
Let ≺ be a monomial order satisfying that every monomial is preceded only by a finite number of monomials. As explained in Section 1, every monomial order induces an order on N p that we also denote by ≺. Let S(C) be the set of affine C-semigroups. For every S ∈ S(C) the cardinality of H(S) is called the genus of S and it is denoted by g(S). The maximum of H(S) with respect to ≺ is the Frobenius element of S, denoted by Fb(S). By convention, Fb(C) is the vector (−1, . . . , −1) ∈ N p . Denote by n(S) the cardinality of the finite set {x ∈ S | x ≺ Fb(S)}. The Frobenius number of a C-semigroup S is defined as n(S) + g(S) and denoted by N (Fb(S)). For numerical semigroups Fb(S) = N (Fb(S)).
In 1978, Wilf proposed a conjecture related to the Diophantine Frobenius Problem ( [14] ) that claims that the inequality n(S) · e(S) ≥ Fb(S) + 1 is true for every numerical semigroup. This conjecture still remains open, and it has become an important part of the Theory of Numerical Semigroup, for instance it has been studied in [2] , [6] , [7] , [9] , [11] and the references therein. Most of these papers describe families of semigroups satisfying Wilf's conjecture. In [5] , it is said it would be interesting to formulate potential extensions of Wilf's conjecture to the setting of N psemigroups. One of the contributions of this work is to extend Wilf's conjecture formulating it in terms of C-semigroups. Besides, we present several families of C-semigroups satisfying this conjecture and the results of the computational tests applied to some C-semigroups randomly obtained (see Table 2 ).
A generating tree for an N p -semigroup is described in [5] , and in Definition 3 we generalize it for C-semigroups. In order to compute this tree, we prove that the algorithm used in [5] for N p -semigroups can be used for C-semigroups. Besides, we improve this algorithm making easier to obtain the minimal generating sets of the effective sons of a C-semigroup. Another contribution of this work is to characterize the minimal generating sets of the N p -semigroups with minimal embedding dimension. Besides, we conjecture a lower bound of the embedding dimension of a C-semigroup.
From the construction of the above trees, we obtain a data table (Table  3) with the amount of C-semigroups with a fixed genus g, denoted by ng(C). The strong growth of ng(C) makes very difficult a computational study of ng(C) in terms of g. Note that the easiest semigroup to study is N, and for this semigroup, it has only been possible to compute ng(N) for g ≤ 67 (see [6] ). These computational results are used to discuss the asymptotic behavior of ng(S).
For this work, the computations of trees of C-semigroups have been done in a cluster of computers ( [12] ), using python ( [10] ) as programming language and the library mpich2-1.2.1 ( [8] ) to parallelize the computations. For all other computations, we used an Intel i7 with 32 Gb of RAM, and Mathematica ([15]). We also have used the programs LattE ( [1] ) and Normaliz ( [3] ) for the computation of system of generators and for checking Wilf's conjecture.
The content of this work is organized as follows. Section 1 sets some basic definitions and results related to affine semigroups. Section 2 provides primarily a method to construct the tree of C-semigroups. Section 3 studies the N p -semigroups with minimal embedding dimension and conjectures a lower bound for the embedding dimension of any C-semigroup. Section 4 introduces the extension of Wilf's conjecture for C-semigroups, gives some families of semigroups satisfying it and presents a computational study of this conjecture. The last section shows a data table with the number of C-semigroups with a fixed genus and discusses the asymptotic behavior of this number.
Preliminaries and notations
For any nonnegative integer n, we denote by [n] the set {1, . . . , n}. The set {e1, . . . , ep} denotes the standard basis of N p . A monomial order is a total order on the set of all (monic) monomials in a given polynomial ring, satisfying the following two properties (see [4] ):
• if u v and w is any other monomial, then uw vw,
• if u is any monomial then 1 u.
If we translate these properties to N p we obtain that a total order ≺ on N p is monomial whenever:
• if a b and c ∈ N p , then a + c b + c, Let S ⊂ N p be an affine semigroup, and τ be an extremal ray of the cone C associated to S. If S is a C-semigroup, the embedding dimension of S ∩ τ is one if and only if S ∩ τ = N p ∩ τ. In particular, S has at least two minimal generators in τ if and only if S ∩ τ = N p ∩ τ.
Computing trees of C-semigroups
Given a minimal generating set of a semigroup S, the idea of the construction of the tree of semigroups is to remove a minimal generator in order to obtain a new semigroup S ′ such that S \ S ′ is the removed generator ( [5] ). The next lemma shows this construction and a property which can be used for improving the computation of the minimal system of generators of S ′ .
Lemma 1. Let S ⊂ N p be a semigroup minimally generated by the set {s1, . . . , st}, i ∈ [t], and S ′ be the semigroup generated by {s1, . . . , si−1, si+1, . . . , st, 2si, 3si}
The following hold:
• the elements in G = {s1, . . . , si−1, si+1, . . . , st} are minimal generators of S ′ .
Proof. Trivially S ′ = S \ {si}. Without loss of generality, we suppose that st ∈ G is not a minimal generator of S ′ , so there exist λ1, . . . , λt−1, µ1, µ2, ν1, . . . , νt−1 ∈ N, such that st =
Hence, νj has to be zero for all j, µ1 = µ2 = 0, and then st = j∈[t−1] λjsj .
In that case, st is not a minimal generator of S. We conclude that for any s ∈ G, s is a minimal generator of S ′ .
A semigroup S ′ , obtained from S by using the previous construction, is called a descendant of S.
For every S ∈ S(C), let {s1 ≺ · · · ≺ st} be the minimal system of generators of S and let r be the minimum element such that Fb(S) ≺ sr ≺ · · · ≺ st. The sets S \ {sr}, . . . , S \ {st} are elements of S(C), we call these semigroups the effective sons of S and denote them by F(S). Note that the minimal generating sets of its effective sons can be computed in an easier way by using Lemma 1. If S \ {si} is an effective son of S, the elements in the set {s1, . . . , si−1, si+1, . . . , st} are minimal generators of S \ {si}. In order to obtain the other minimal generators of S \ {si}, we only have to get the minimal generators belonging to {2si, 3si} ∪ {si + sj|j ∈ [t] \ {i}}.
Definition 3. The tree T of C-semigroups rooted in C is the tree with the set of vertices obtained recursively as follows:
1. let i = 0 and L0 = {C},
4. go to step 2.
A pair of vertices (S, S ′ ) is an edge if and only if S ′ is an effective son of S.
The Frobenius element can be used to compute the tree of C-semigroups rooted in a cone C in the same way as [5] , and this fact is proved in the following proposition.
Proposition 4. The set T is a tree and its set of vertices is S(C).
Proof. If S ′ ∈ F(S), then S \ S ′ = {Fb(S)}, and, therefore, if S ′ ∈ F(S1) and S ′ ∈ F(S2), then S1 = S2. Thus, T is a tree. Let S ∈ S(C). The set S ′ = S ∪ {Fb(S)} is an element of S(C) and S ∈ F(S ′ ). If repeat this process, after a finite number of steps, we obtain the set C. Thus, S is in the set of vertices of T .
Minimal embedding dimension of C-semigroups
We prove that the minimal embedding dimension of an N p -semigroup is equal to 2p. In general, for C-semigroups, we propose a conjecture for a lower bound of the embedding dimension. Recall that a descendant semigroup has embedding dimension greater than or equal to "its father's" embedding dimension minus 1 (Corollary 2).
An explicit description of the minimal generating set of an N p -semigroup with e(S) = 2p is given in the following result.
Proposition 5. Let S be an N p -semigroup with embedding dimension 2p. Then, there exist i ∈ [p], λ1, λ2 ∈ N with gcd(λ1, λ2) = 1, and
is the minimal generating set of S.
Proof. Since e(S) = 2p, there exists j ∈ [p] such that ej ∈ S, otherwise there exist some integers λ Two examples of N 3 -semigroups with minimal embedding dimension are:
The above result provides us a method for getting semigroups with fixed genus and minimal embedding dimension.
Corollary 6. For any nonnegative integer h and i, k ∈ [p] with i = k, the semigroup generated by {e1, . . . , ei−1, ei+1, . . . , ep, 2ei, 3ei, ei
is an N p -semigroup with genus h and embedding dimension 2p.
In the following result, we give a lower bound of the embedding dimension of N p -semigroups.
Theorem 7. Let p ∈ N \ {0}. If S is an N p -semigroup with S = {0} and S = N p , then e(S) ≥ 2p.
Proof. Note that any generalized numerical semigroup with genus 1 is minimally generated by a set of the form {e1, . . . , ei−1, ei+1, . . . , ep, 2ei, 3ei} ∪ {ei + ej|j ∈ [p] \ {i}}.
So, for genus 1, the result holds. For any semigroup S with genus greater than or equal to 1, there exists i ∈ [p] such that ei / ∈ S. Thus, there exist elements in the minimal system of generators of S of the form q1ei, q2ei with q1, q2 ∈ N.
Assume that the result is fulfilled for a fixed genus h ∈ N, and let S be an N p -semigroup with such genus. So, e(S) ≥ 2p, and in case e(S) > 2p, by Corollary 2, the descendants of S have embedding dimension greater than or equal to 2p.
Suppose now that e(S) = 2p, and assume, without loss of generality, the removed canonical generator is ep. By Proposition 5,
is the minimal generating set of S. Now, we apply the construction of Lemma 1 to obtain the descendants of S. If we remove a canonical generator ei belonging to G, the minimal generating set of the corresponding descendant semigroup contains the minimal generators So, we conclude that the embedding dimensions of the N p -semigroups with genus h + 1 are greater than or equal to 2p.
To finish this section, we propose a lower bound for the embedding dimension of C-semigroups where the cone C is not necessarily the positive hyperoctant (Q k + with k ∈ N). Conjecture 8. Let C be an integer cone such that the dimension of the real vector space generated by C is p. The embedding dimension of every C-semigroup is greater than or equal to 2p.
An open question that arises from the above conjecture is when the bound 2p is reached. Example 9. Let C be the rational cone with extremal rays (3, 1) and (1, 2). The integer cone C ∩ N 2 has embedding dimension 4, and the minimal embedding dimension of its sons is showed in Table 1 up to genus 15.
All the C-semigroups computed to make Table 2 and Table 3 
Extension of Wilf 's conjecture
Our goal in this section is to extend Wilf's conjecture to C-semigroups and prove that this conjecture holds for several families of semigroups. For this purpose, monomial orders satisfying that any monomial is preceded only by a finite number of other monomials are considered. A matrix ordering satisfies this property if all its entries in the first row of the matrix are positive. In the sequel, ≺ denotes a fixed weight order verifying the previous property, and we assume that p ∈ N is greater than or equal to two.
Conjecture 10. Let S ⊂ N p be a C-semigroup. The extended Wilf 's conjecture is formulated as
The above conjecture depends on the fixed monomial order, but according to our computational experiments, the conjecture seems true for every monomial order (Table 2) . Below, we prove that it holds for some families of semigroups with any monomial order.
We start our study with a family of N p -semigroups with minimal embedding dimension.
Lemma 11. Let h be an integer number greater than 1, k ∈ [p − 1], ≺ be a monomial ordering in N p as above, and S ⊂ N p be the semigroup minimally generated by
The N p -semigroup S satisfies the extended Wilf 's conjecture.
Proof. The set of gaps of S is equal to {ep, ep + e k , . . . , ep + (h − 1)e k }, the genus is h, the embedding dimension is 2p, and the Frobenius element is ep + (h − 1)e k . Since n(S)e(S) = 2pn(S) and N (Fb(S)) + 1 = n(S) + g(S) = n(S) + h, the inequality n(S)e(S) ≥ N (Fb(S)) + 1 is equivalent to n(S)(2p − 1) ≥ h. We have that 0 ≺ e k ≺ · · · ≺ (h − 1)e k ≺ Fb(S) and {0, e k , . . . , (h − 1)e k } ⊂ S. Therefore, n(S) ≥ h, so n(S)(2p − 1) ≥ h for every p ≥ 2.
We can prove the extended Wilf's conjecture for other families of Csemigroups.
Lemma 12. Let q be a nonzero nonnegative integer, S ⊂ N p be the affine semigroup N p \ {ej , . . . , (q − 1)ej} with j ∈ [p]. Then, S satisfies the extended Wilf 's conjecture for every monomial order ≺ .
Proof. Without loss of generality, assume that j = 1. Note that the semigroup S is minimally generated by the set
So, e(S) = q + p − 1 + (p − 1)(q − 1) = pq and n(S)e(S) = n(S)pq. Since Fb(S) = (q − 1)e1 for any monomial order ≺, and g(S) = q − 1, N (Fb(S))+1 = n(S)+g(S) = n(S)+q−1. Thus, n(S)e(S) ≥ N (Fb(S))+1 if and only if n(S)(pq − 1) ≥ q − 1, which is true. Lemma 13. Let T ⊂ N be the numerical semigroup minimally generated by {λ1, λ2}, j ∈ [p], and {qi | i ∈ [p] \ {j}} ⊂ N. The affine semigroup S = N p \ {(x1, . . . , xp) ∈ N p |xj / ∈ T and xi < qi, ∀i ∈ [p] \ {j}} satisfies the extended Wilf 's conjecture for every monomial order ≺ .
Proof. Assume that j = 1. Let U be the set N \ T = [1, λ1λ2 − λ1 − λ2] \ T. So, the cardinality of U is
. Note that S is minimally generated by the set
Therefore, e(S) = 2 + p − 1 + (p − 1)
. The other elements involved in the extended Wilf's conjecture are now determined. The set
. Since every numerical semigroup generated by two elements is symmetric, this set contains as many points inside of S as outside. There are just
qi. For every monomial order, the Frobenius element is (λ1λ2
So, for these semigroups the extended Wilf's conjecture can be formulated as:
qi.
Since n(S) is greater than
qi and p+(p−1) Proof. Note that S is minimally generated by
Therefore, e(S) = 2b + 2, and g(S) = Since n(S) ≥ a + 1, this inequality holds. Table 2 shows some samples of the computational test for checking the extended Wilf's conjecture for several C-semigroups using different monomial orders. To obtain this table we have proceeded as follows:
• For a fixed cone C, we take randomly a subsemigroup S1 of genus 1. Again, we take randomly a subsemigroup S2 ⊂ S1 with genus 2.
Repeating this process as many times as necessary, we get a random subsemigroup Si of C of genus i.
• Now, we define a monomial order taking a nonsingular matrix Mi having all the elements of its first row greater than zero. The elements of this first row are random integer from 1 to 10, the rest of the elements of Mi are random integer from −10 to 10.
• We check if the extended Wilf's conjecture is satisfied by the semigroups S1, . . . , Si using the orders defined by the matrices Mi.
With this procedure, we have verified, using random monomial orders, that the extended Wilf's conjecture is satisfied by the elements of a random branch of the C-tree appearing in Table 2 . For computing Tables 1  and 2 , we have used an Intel i7 with 32 Gb of RAM. 
Some computational results on C-semigroups
For a fixed cone C, denote by ng(C) the number of the C-semigroups with genus g. In this section, a table with some computational results is presented. We have obtained it by parallel computing in a supercomputer ( [12] ) using in most of the computations 320 cores. The data obtained are in Table 3 , and we use them to dicuss the asymptotic behavior of ng(C). For numerical semigroups, there exist several open problems, conjectures and results about the asymptotic behavior of ng(N). The first conjectures appear in [2] :
• limg→∞
= ϕ, where ϕ is the golden ratio.
In [13] , the author proves that limg→∞ ng(
where L is a constant.
For N p -semigroups, it is proved (see [5] ) that the sequence ng(N p ) (1) (where ng(N p ) (1) is the cardinality of the set of N p -semigroups of genus g whose set of gaps is supported on the union of the coordinate axes) is asymptotic to (1) denotes the cardinality of the set of C-semigroups of genus g whose set of gaps is supported on the union of the extremal rays (assume C has l extremal rays), it is easy to prove that ng(C) (1) is asymptotic to
The data collected in Table 3 are insufficient to propose a new conjecture. Anyway, and in view of the similarities of these tables with the tables obtained for numerical semigroups in [2] , it seems that the inequalitis ng(C) ≥ ng−1(C) + ng−2(C) and ng(C) ≥ ng−1(C) are fulfilled and that the limit of the sequence ng (C) n g−1 (C) g≥1 exists. Table 3 : Computational experiments on n g (C). 11
